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Self-adapting ﬁxed endpoint conﬁgurational-bias Monte Carlo simulations in the Gibbs
ensemble were carried out to determine the vapour–liquid coexistence curves of cyclic
alkanes from c-pentane to c-octadecane. In general, the critical temperatures and densities
of the cyclic alkanes are substantially higher than those of their linear counterparts.
Furthermore, the simulation data point to a maximum in the critical density for cyclic alkanes
with about eight carbon atoms as also observed for the linear alkanes.
1. Introduction
The molecular weight dependence of vapour–liquid
equilibria (VLE) and the corresponding critical prop-
erties of ﬂexible chain molecules are problems of
fundamental and technological importance that have
intrigued scientists for the past 50 years [1–14].
Experimental difﬁculties are caused by the fact that
hydrocarbons are thermally unstable above about
600K, i.e. only the vapour–liquid coexistence curves
(VLCC) of hydrocarbons with fewer than 10 carbon
atoms are readily accessible and special experimental
techniques are required to measure the critical proper-
ties of higher-molecular-weight compounds [7, 15, 16].
However, the development of more efﬁcient simulation
approaches and more accurate theoretical treatments
has enabled quantitative predictions for the critical
properties of linear chain molecules [9–14]. As an
outcome of these efforts, the chain length dependence
of the critical properties of linear homopolymers (e.g.,
alkanes) is now well established [7, 9–14]. For normal
alkanes, it is observed that (a) the critical temperature
increases monotonically with increasing chain length,
(b) the critical density shows an initial increase from
methane to about n-octane, followed by a decrease for
longer n-alkanes, and (c) the critical pressure is largest
for ethane and thereafter decreases monotonically with
increasing chain length [7, 9, 13, 14]. Unfortunately,
measurements and predictions for branched alkanes
with more than 10 carbons are rather scarce, but there
are good indications that alkanes with short side chains
follow the same trends as the linear alkanes [15–18].
Furthermore, for alkanes of equal molecular weight,
the addition of methyl side chains (e.g., n-triacontane
versus squalane) appears to lead to a slight decrease
of the critical temperature and an increase of the critical
density [15–18].
To the knowledge of the present authors, neither
experimental nor simulation data are currently available
for the critical properties of cyclic alkanes with more
than eight carbon atoms. Cyclic alkanes with ﬁve to
eight carbon atoms are most abundant in nature
[19]. Smaller rings would require signiﬁcantly strained
geometries. The formation of larger rings is entro-
pically disfavored, and high-molecular-weight cyclic
structures are most often found as assemblies of multi-
ple smaller rings (e.g., decalin). Particle-based simula-
tions for the phase equilibria of cyclic alkanes also
pose a special challenge because these simulations
require particle transfer moves to establish phase
coexistence. The usual approach to enhance the particle
transfer rate for ﬂexible molecules is the conﬁgurational-
bias Monte Carlo (CBMC) technique that uses a bead-
by-bead growing strategy [9, 20–22]. However, regular
CBMC is very inefﬁcient for cyclic molecules because
the probability of closing a ring structure during the
growth process is very low. Thus, simulations of phase
equilibria of cyclic alkanes require different techniques.
Previous simulation studies [23–25] were limited to
small rings from c-pentane to c-octane and made use
of a reservoir bias [26] where a reservoir of pre-selected
conformations was used during the particle-transfer
step. Nevertheless, the reservoir bias becomes less
efﬁcient for larger molecules with signiﬁcantly more
ﬂexibility. Furthermore, for large cyclic alkanes there
is the possibility that the conformational distribution
differs between the vapour phase (poor solvent) and
liquid phase (good solvent) as was observed for large
linear and branched alkanes [18], which would make
the construction of an unbiased reservoir more difﬁcult.
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endpoint (SAFE)-CBMC method can be used, where
the CBMC growth is appropriately guided to favour
ring closure [27]. A related CBMC method, called the
rebridging conﬁgurational-bias algorithm, was used
previously to calculate the VLCC of c-octane [28].
With the aim of determining the critical properties
of larger cyclic alkanes for which experimental data
are not available, SAFE-CBMC simulations in the
Gibbs ensemble [29–31] were carried out to calculate
the VLCCs of cyclic alkanes up to c-octadecane. The
next section gives a brief description of the simula-
tion details and the force ﬁeld used for the cyclic
alkanes. Thereafter, the results of these simulations
are presented and compared with the available experi-
mental and simulation data. Section 4 provides some
brief conclusions.
2. Simulation details and model
The SAFE-CBMC simulations [27] in the constant-
volume version of the Gibbs ensemble [29–31] employed
ﬁve different types of trial moves: (i) translational
displacements of entire molecules, (ii) rotational dis-
placements of entire molecules around their centre of
mass, (iii) SAFE-CBMC moves to change the confor-
mation of a molecule via the regrowth of a few inner
segments (usually less than L/2 segments with L being
the full length of the cyclic molecule), (iv) volume
exchanges between the two simulation boxes, and
(v) SAFE-CBMC particle transfers between the two
simulation boxes. During the course of the simula-
tion, the type of move to be attempted is selected with
ﬁxed probability from the ﬁve available moves. These
probabilities were adjusted (depending on tempera-
ture, molecule size, and number of molecules) to yield
approximately one accepted volume move (with the
maximum volume displacement adjusted to give a
50% acceptance rate) and one accepted particle transfer
per 10 MC cycles (where one MC cycle consists of
N moves with N being the total number of molecules
in the system). The remainder of the moves were equally
divided between translational, rotational, and confor-
mational moves. The SAFE-CBMC moves used 20 trial
positions per step in the coupled–decoupled CBMC
growth [32]. At a reduced temperature of about 0.8,
the acceptance rates for the SAFE-CBMC particle
transfer move of c-hexane and c-octadecane are 5 and
0.2%, respectively. Bourasseau et al. [25] reported
a comparable acceptance rate of about 5.5% for the
reservoir swap of c-hexane, but it should be recognized
that the SAFE-CBMC swap involves the regrowth of
an entire molecule from scratch, i.e. yields an entirely
uncorrelated conformation. The corresponding accep-
tance rates for CBMC swaps of linear alkanes are
substantially higher with values of 20 and 2%,
respectively, and do not decrease with molecular weight
as rapidly as for the cyclic alkanes. Split-energy
techniques [33] with a hard overlap cutoff at 2A ˚ and
an inner CBMC cutoff at 5A ˚ and centre-of-mass-based
cutoffs [34] for molecule–molecule and bead–molecule
interactions were used to improve the computational
efﬁciency of the energy calculations.
The number of particles, N, in the simulations
ranged from 200 molecules for c-octadecane to 400
for c-pentane, and the total volume of the two
simulation boxes was selected so that about one-third
of the molecules would partition into the vapour
phase. The systems were equilibrated for at least 104
MC cycles, followed by between 5   104 and 105 MC
cycles for production.
As is customary for Gibbs ensemble simulations [31],
the critical temperatures (Tc) and densities ( c) were
calculated using the saturated density scaling law and
the law of rectilinear diameters with a scaling exponent
of    ¼ 0:325 [35, 36]. Because the limited accuracy
of the simple force ﬁeld used here (see below) allows
only for somewhat qualitative predictions, ﬁnite size
effects of the critical properties were not explored.
Since the aim of this work was to investigate the
VLE and critical properties of large cyclic alkanes,
we decided to use a simple united-atom representation
with a single interaction site located at the carbon
position to represent each methylene group. The stan-
dard united-atom representation provides a very good
balance between accuracy and computational efﬁci-
ency [32, 34], although anisotropic united-atom
models [25, 37] or explicit-hydrogen models [38] can
improve the accuracy at a higher computational cost.
As already demonstrated by Boutin and coworkers
[23, 25], the interaction parameters for the methylene
group cannot be directly transferred from linear to
cyclic alkanes because the constraints imposed by
the cyclic structure inﬂuence the polarizability and
the distribution of bond bending and dihedral angles.
Nevertheless, to facilitate a better comparison with
simulation results and theoretical predictions for linear
alkanes, the compromise was made in this work to
transfer the bonded part of the force ﬁeld from linear
alkanes, while ﬁtting new Lennard–Jones parameters
to the VLCC of c-octane, the largest cyclic molecule
for which sufﬁcient experimental data are available.
The carbon–carbon bond length was ﬁxed at a value
of 1.54A ˚ for all cyclic alkanes. A simple harmonic
potential was used to maintain the C–C–C bending
angle
ubend ¼
k 
2
ð     0Þ
2,
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the equilibrium bending angle, and the force constant,
respectively. The equilibrium bending angle was set to
114  and the force constant was taken from the work
of van der Ploeg and Berendsen [39], that is, k =kB ¼
62500Krad
 2, where kB is Boltzmann’s constant.
The torsional ﬂexibility was governed by the OPLS
united-atom torsional potential of Jorgensen et al. [40]
utors ¼ c1½1 þ cos  þc2½1   cosð2 Þ  þ c3½1 þ cosð3 Þ ,
with c1=kB ¼ 355:03K, c2=kB ¼  68:19K, and c3=kB ¼
791:32K.
Interactions between two pseudo-atoms belonging
to different molecules or part of the same molecule but
separated by more than three bonds are described by
a pairwise-additive Lennard–Jones (LJ) 12–6 potential
uðrijÞ¼4 ij
 ij
rij
   12
 
 ij
rij
   6 "#
,
where  ij,  ij, and rij are the LJ diameter, LJ well depth,
and separation, respectively, for the pair of atoms i
and j. The LJ interactions were truncated at a distance
of 14A ˚ , and analytical tail corrections were applied to
the energy and pressure [41, 42].
Optimization of the LJ parameters for the methylene–
methylene interaction in c-octane yielded values of
  ¼ 3.89A ˚ and  =kB ¼ 51K, i.e. somewhat different
from the TraPPE–UA (transferable potentials for
phase equilibria–united atom) parameters for linear
alkanes of   ¼ 3.95A ˚ and  =kB ¼ 46K [34], but very
similar to the united-atom LJ parameters of   ¼ 3.85A ˚
and  =kB ¼ 50:5K derived by Neubauer et al. [23]
for c-pentane and c-hexane and the modiﬁed NERD
parameters of   ¼ 3.93A ˚ and  =kB ¼ 52:3K ﬁtted to
c-octane by Chen and Escobedo [28]. Figure 1 shows
a comparison of the VLCC of c-octane between the
experimental data [43–45], the united-atom model
developed in this work, and previous simulation
results [23, 25]. The new model reproduces the experi-
mental saturated liquid densities and critical point very
well, but results in an overestimation of the saturated
vapour densities and pressures as also observed for
the TraPPE–UA model of linear alkanes [34].
3. Results and discussion
The VLCCs of ﬁve cyclic alkanes ranging from
c-pentane to c-octadecane are shown in ﬁgure 2 and
the corresponding critical points are listed in table 1.
First of all and as already noted by Neubauer et al.
[23], the carbon-centred united-atom models do not
reproduce the experimental data for the small rings
very well, e.g. the critical temperatures of c-pentane
and c-hexane are underestimated by about 7 and 3%,
respectively. As mentioned above, the critical tempera-
ture and saturated liquid density of c-octane, being
the target data of model development, are in very
good agreement with the experimental data. Because
coexistence data for the longer cyclic alkanes are
scarce, it is difﬁcult to ascertain whether the model
used in this work provides quantitative predictions
for the larger cyclic alkanes, although from the behav-
iour of the smaller cyclic alkanes it is reasonable
to conjecture that the model used here might yield
VLCCs for c-dodecane and c-octadecane that are
shifted upward in temperature. Nevertheless, the simu-
lation results should be useful as a ﬁrst estimate of
the VLCC and critical constants of larger cyclic alkanes.
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Figure 1. Vapour–liquid coexistence curve for c-octane.
Experimental coexistence data and critical points are
shown as the solid line [43], star [44], and cross [45],
respectively. The simulation results of Neubauer et al.
[23], Bourasseau et al. [25], and this work are depicted
as squares, diamonds, and circles, respectively.
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Figure 2. Vapour–liquid coexistence curves for c-pentane,
c-hexane, c-octane, c-dodecane, and c-octadecane. Experi-
mental coexistence data and critical points are shown
as the solid line [43], stars [44], and crosses [45],
respectively. The simulation results of this work are
depicted as circles.
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perature and density of cyclic alkanes are compared
with their linear analogues in ﬁgures 3 and 4 (for
numerical data, see table 1). It is immediately evident
that the more compact shape of the cyclic alkanes
leads to substantially higher critical temperatures
and densities. Whereas the recommended experimental
values [44, 45] for c-pentane and c-hexane are nearly
identical, there is considerably more scatter for c-octane.
For the critical densities of the cyclic alkanes the
experimental data do not allow for an unambiguous
determination of whether increasing chain length leads
to an increase up to c-octane or whether the critical
densities are nearly constant. For the atom-centred
united-atom model used here, the trends for the cyclic
and linear alkanes are very similar and, most remark-
ably, the critical densities of the C8 compounds are
highest for both architectures. In addition, the simula-
tion data show a signiﬁcant decrease of the critical
densities for the compounds with 12 and 18 carbon
atoms.
The anisotropic united-atom model [25] performs
substantially better for c-pentane and c-hexane, which
were used for the parameter optimization, but signiﬁ-
cantly overestimates the critical density of c-octane.
Although the LJ parameters for the united-atom model
of Neubauer et al. [23] and of this work are rather
similar, there is a somewhat surprisingly large disagree-
ment in the calculated critical constants. The simula-
tions of this work were carried out for larger systems
and used longer production periods, thereby resulting
in less scatter along the coexistence curve (for example,
see ﬁgure 1) and more precise estimates of the critical
constants.
Table 1. Comparison of measured and calculated critical constants. The subscripts denote the statistical
uncertainties in the last digit(s).
Property Source c-Pentane c-Hexane c-Octane c-Dodecane c-Octadecane
Tc (K) Exp. [44] 511.72 553.82 647.25 N/A N/A
Exp. [45] 511.8 553.6 640 N/A N/A
This work 4743 5402 6463 7863 8965
Sim. [23] 47710 53210 60710 N/A N/A
Sim. [25] 5075 5595 6475 N/A N/A
Sim. [28] N/A N/A 652 N/A N/A
 c (gcm
 3) Exp. [44] 0.2704 0.2732 0.2745 N/A N/A
Exp. [45] 0.2713 0.2727 0.2828 N/A N/A
This work 0.2684 0.2732 0.2823 0.2764 0.2634
Sim. [23] 0.26830 0.30930 0.32430 N/A N/A
Sim. [25] 0.27510 0.27110 0.30310 N/A N/A
Sim. [28] N/A N/A 0.28 N/A N/A
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Figure 3. Critical temperatures, Tc, of cyclic and linear
alkanes as a function of the number of carbons. The
experimental data of Daubert [44] and Gmehling [45]
and the simulation results of Neubauer et al. [23],
Bourasseau et al. [25], and this work for c-alkanes
are depicted as stars, crosses, squares, diamonds, and
open circles, respectively. The experimental data [46]
and simulation results [34] for the n-alkanes are shown
as down and up triangles, respectively.
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Figure 4. Critical densities,  c, of cyclic and linear alkanes
as a function of the number of carbons. Symbols as in
ﬁgure 3.
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methylene radial distribution functions for the satu-
rated liquid phase at a reduced temperature of 0.8 for
the cyclic alkanes and two linear alkanes is presented
in ﬁgure 5. For both architectures, the height of the
ﬁrst peak at a separation of about 6A ˚ decreases with
increasing chain length. However, the decrease is more
pronounced for the cyclic alkanes, for which only a
shoulder remains for c-dodecane and c-octadecane.
Whereas the peak position is relatively constant for
the linear alkanes, it shifts to larger separations
with increasing chain length for the cyclic alkanes.
The lowering of the peak heights with increasing
chain length can be attributed to two factors. First,
the higher absolute temperatures for the longer chains
yield less structured liquid phases, and, secondly, the
increasing molecular size results in an increase of the
intramolecular contacts and a decrease of the inter-
molecular contacts for distances smaller than the radius
of gyration. The decrease in the number of favour-
able intermolecular contacts leads to a decrease in
the enthalpy of vapourization per methylene group
with increasing chain length and is most likely respon-
sible for the decrease in critical density [9, 18]. The
packing of the linear alkanes, however, still results
in parts of the backbone of two neighbouring chains
to be aligned and the ﬁrst peak remains close to the
optimal methylene–methylene distance. In contrast, the
cyclic architecture results in substantially more intra-
molecular contacts and a more compact structure that
pushes the intermolecular peak outward for larger
chains.
Finally, the conformations of the cyclic mole-
cules were analysed (not shown). In contrast to the
observation for large linear and branched alkanes
[18, 34], it appears that even for c-octadecane there are
no signiﬁcant changes in the radii of gyration nor the
fraction of gauche defects between the liquid and vapour
phases, i.e. the cyclic molecules are substantially stiffer
than their linear counterparts and do not form more
compact structures in the vapour phase (a poor solvent).
4. Conclusions
The combination of the self-adapting ﬁxed-endpoint
conﬁgurational-bias Monte Carlo algorithm and the
Gibbs ensemble approach allows for the calculation
of the vapour–liquid coexistence curves for ﬂexible ring
polymers and is applied here to cyclic alkanes from
c-pentane to c-octadecane. The non-bonded Lennard–
Jones parameters for a simple united-atom model
were ﬁtted to the experimental coexistence data for
c-octane. This model yields a satisfactory prediction
for the coexistence curve of c-hexane (underestimating
the critical temperature and the saturated liquid den-
sities by about 2%), but the prediction for c-pentane
deviates quite substantially from experiment (under-
estimating the critical temperature by about 7% and
the saturated liquid densities by a similar percentage).
Thus, the transferability of this model to rings with
fewer than six carbon atoms is limited.
The calculated critical properties indicate that
(i) the cyclic alkanes exhibit higher critical temperatures
than their linear counterparts, (ii) the difference in the
critical temperature increases with increasing chain
length, and (iii) the critical densities show a maxi-
mum at octane followed by a decrease with increasing
length for both architectures.
At ﬁxed reduced temperature, the liquid-phase
methylene–methylene radial distribution functions for
the cyclic alkanes change more substantially than
observed for linear alkanes. In contrast to high-
molecular-weight linear and branched alkanes, cyclic
alkanes do not exhibit more compact structures in their
vapour phase.
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